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Abstract: The study includes an analysis of data from 2011 to 2018, it was proposed to obtain the best or best 

Probability Distribution Functions that Model PMCO Concentrations in Mexico City, using the following PDF, 

Gama Distribution Function, Function of Distribution Extreme Value Distribution and Nakagami Distribution 

Function, to obtain the estimators, the Maximum Probability and Moments Method was used and aided by the 

Matlab 2017 program, for the evaluation of the forecast model, RMSE, Determination Coefficient, Prediction 

Approach and Index were used Approach, in turn an analysis is made to observe its trend within the period 

using the Bayesian Point Change Detection method to observe the most notable variations of the trend, the 

database used is from the official air page From Mexico City. 

Keywords: Particulate Material Coarse Fraction, Probability Distributions, Adjustment Indicators. 
 

The Coarse Fraction Particles of Mexico City Trend 2011 – 2018 
Suspended particles present in the air are divided into different categories depending on their size 

(aerodynamic diameter). Coarse particles are airborne particles that are relatively large in size and are mainly 

produced by disintegration of even larger particles. Dust, pollen, spores, fly ash and fragments of plants and 

insects are examples of coarse particles. The coarse particles have an aerodynamic diameter between 2.5 and 10 

µm (PM10-2.5). 

Given the stochastic nature of atmospheric processes, air pollutant concentrations can be treated as 

random variables with measurable statistical properties. If certain conditions are the statistical characteristics of 

pollutant concentrations, they can be described by probability density functions. Probability density functions 

(pdf) have been widely used in recent years in a variety of applications, where data smoothing, 

Interpolation or extrapolation is needed (Wilks, 1995). Specifically, in the atmospheric sciences the 

most characteristic applications include the approximation of the frequency of exceeding the critical 

concentration levels and the estimation of the emission reduction, required for the objective air quality standard 

(Georgopoulos and Seinfend, 1982; Abatzoglou et al., 1996; Burkehardt et al., 1998; Morel et al., 1999). 

 

Atmospheric Pollution by Particles 
Due to the problem of air pollution, it has become essential both to monitor and measure various 

chemical components that, due to their emission into the air, already represent a complex problem even with 

climatic ranges and some with direct effects on human health. 

Among the air pollutants with the greatest harmful effect are hydrocarbons, some sulfur and nitrogen 

compounds, monoxide and carbon dioxide, and those that are part of this work refer to PM10 and PM2.5 

particles, which are called coarse and fine particles. Due to their micrometric size they are imperceptible to 

people but they enter the respiratory system very easily causing several inherent diseases. 

To know the sources of pollutants in Mexico, the ―Emissions Inventory‖ was created by SEMARNAT, 

which is updated every three years. 

There are three main types of air pollutants. 

 

1.- Those that are emitted directly into the atmosphere as a result of combustion or other industrial processes 

called primary pollutants such as sulfur dioxide (SO2), carbon monoxide (CO), Hydrocarbons (HC), some 

solvents, lead (Pb ) and suspended particles (PS). 

 

2.- Primary pollutants already in the atmosphere can react chemically and produce so-called secondary 

pollutants such as O3, NO2, and some types of particles. 
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3.- The greenhouse gases (G.E.I.) causing global warming such as CO2, CH4 and nitrous oxides as the most 

important. 

Due to their emission, the area sources together with the mobile sources are those that provide the 

greatest amount of respirable fraction particles to the atmosphere, which are PM10, PM2.5 and black carbon 

(CN). 

Apart from the classification of particles as primary and secondary, a classification by size is also used, 

which although they can take many forms, their aerodynamic diameter is considered, which is the particle size 

as a spherical particle of unit density under conditions of temperature, pressure and existing humidity. This 

concept allows to determine the transport, the processes of removal in the air and surfaces as well as the 

trajectory of the particles within the human respiratory system. 

Originally, the air quality indicator referring to the particles was only the ―Total Suspended Particles‖ 

(PST). Subsequently, the studies focused on PM10 (thick breathable) particles and more recently in the PM2.5 

(fine) range. up to PM10, and even ultra-thin calls smaller than 1 micrometer. 

Both fine and coarse particles can be primary, however, in general, fines are considered secondary. The 

following table summarizes some characteristics according to the type of particles. 

 
Figure 1. Source: EPA 2009, ―Integrated Science Assessment for Particulate Matter‖ 

 

All types of particles vary in their shape, size, chemical composition and permanence in the atmosphere 

as they can be spherical, ellipsoidal, cubic or irregular shapes including geometric and fractal, and with the 

above you must determine their optical properties that play a significant role in the radioactive balance of the 

planet in its interaction with solar energy. 

The chemical composition of the particles is very diverse and depends on both the source and the 

mechanism of formation in the atmosphere. 

Usually in the coastal regions the particles are formed by sodium chloride (NaCl) while those of 

geological origin are formed by ferrous oxide (FeO), ferric oxide (Fe2O3), calcium, silica and aluminum. 

In turn, the INE conducted a study in 2009 on the spatial variability, composition and toxicity of the 

particles in the CDMX, finding that calcium is the majority element in PM10 while sodium, sulfur and calcium 

are major elements in PM2. 5 and in this same fraction the sulfate ions (SO4) are the most present. 

Another study carried out in the CDMX within the ―Miracle‖ campaign where the composition of the 

contaminating particles was analyzed was that the greatest contribution is made by organic compounds from the 

burning of biomass and urban sources generating primary and secondary particles, followed by nitrates, sulfates 

and ammonium compounds. 

The particles are removed from the atmosphere by different processes such as sedimentation and 

rainfall. On the other hand, the residence time in particles larger than 20 micrometers remain for several hours 

while those of 2 to 3 micrometers the permanence interval is 2 to 4 days and those of 0.1 to 1 micrometer remain 

from a few days to weeks and They are removed almost exclusively by rain. Carbon and organic particles are 

difficult to wet, so before being removed by precipitation they go through an oxidation period, which results in 

longer residence times with respect to inorganic particles such as sulfates. 

According to data published by the Secretariat of the Environment of the City of Mexico in the 

Inventory of Emissions of the City of Mexico 2016.General Directorate of Air Quality Management, Directorate 

of Air Quality Program and Inventory of Emissions City of Mexico. September 2018. The transport sector is the 

main emitter of particles of the City of Mexico because it contributes with 53% of the emissions of PM10 and 

56% of PM2.5 coming mostly from heavy units that use diesel and private cars to gasoline. 

On the other hand, the environmental aspect of air pollution has a direct impact on health in both 

developed and developing countries. 
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It is estimated that air pollution in both cities and rural areas was the cause of 4.2 million premature 

deaths per year worldwide and this mortality is due to the exposure of particles of 2.5 microns or less causing 

cardiovascular disease, respiratory and cancer. This according to the publication of the World Health 

Organization of May 2, 2018. 

 

To concentrate some data on particle size and its impact on health, the following table is shown. 

 
Figure 2. Source: Borja- Aburto V.H ―Evaluation of Health Effects of Pollution‖ 

 

Based on the previous brief information regarding the types of particles mentioned as well as their 

contaminating effects on the environment and on health, the statistical study of this work is of utmost 

importance in order to learn more about their behavior in the atmosphere and more specifically in Mexico City 

as a great support for the necessary and urgent political, technical and regulatory decisions of the corresponding 

institutional instances. 

 

 
Figure 3. Contribution of particulate pollutant emissions in Mexico City 

(Source: http://www.aire.cdmx.gob.mx/default.php ) 

 

 

http://www.aire.cdmx.gob.mx/default.php
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Functions of Probability Distribution and Methodology 

 
Three probability distribution functions were used, which are the Gama  Distribution function, the GEV 

Distribution function and the Nakagami Distribution function. 

 
Figure 4. Temporary Concentration Series of PMCO in µgr/𝑚3 Mexico CityTrend 2011-2018 in hours 

 

Table1.Probability Distribution Functions and their Parameters 

Distribution Probability Density Function Parameters 

GEV  

𝒇 𝒙 =  
𝟏

𝝈
 𝒆𝒙𝒑

− (𝟏+𝒌𝒛)
(−

𝟏
𝒌) (𝟏+𝒌𝒛)

(−𝟏−
𝟏
𝒌)
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K shape 

𝝈  scale 

µ  location 

Obtain the database for 
the period 2011-2018 and 

obtain the statistical 
properties of the data and 
a general average of the 

annual average

Parameter Estimation of 
distributions to model the 

pollutant by Maximum 
Likelihood

PDF used to model PMCO 
concentrations:

Gama PDF 

GEV PDF

Nakagami PDF

Statistical estimators for 
valuation of the Models:

RMSE

Correlation coefficient

Approach Prediction

IA

Concentration and Trend 
Analysis
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Nakagami Defined in a semi-infinite interval, usually 

[0,∞) 
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Ωcontrol extension 

µshape 

Gama  
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Study Área of Mexico City 
Mexico City in its geographical location is located in a closed or almost closed basin, which in all 

directions is north, south, east or west, borders a mountain range or mountain pass, which the highest altitude is 

with the volcanoes to the east the Popocatepetl and the Iztaccihualt, which the wind circulation and the 

dispersion of pollutants makes it difficult, both for suspended particles and for other pollutants. 

 
Figure 5. Relief of Mexico City (Source: https://www.paratodomexico.com/) 

 
Statistical Adjustment Estimators 

The deviation indicators of a group of data in relation to a model can be used to assess the goodness of 

fit between the two. Among the most common indicators are the following: RMSE, MAE, NRMSE, CV-MRSE, 

SDR, and R ^ 2. Those that were used to determine the distribution that best fit the data. They are the mean 

square error (RMSE), the approximation index (IA), prediction accuracy (AP) and coefficient of determination 

(𝑹𝟐)  Table 2 gives the equations for the adjustment indicators that have been used by Lu (2003 ) and Junninen 

et al. (2002). 
 

Table 2. AdjustmentEstimator 

Estimator Equation 

Error Measures 

 

Root Mean Square Error 𝑹𝑴𝑺𝑬 =   
𝟏

𝑵 − 𝟏
   𝑷𝒊 − 𝑶𝒊 𝟐

𝑵

𝒊=𝟏

 

Accuracy Measures 

Coefficiente of Determination 𝑹𝟐 =  
  𝑷𝒊 − 𝑷  𝑶𝒊 − 𝑶 𝑵
𝒊=𝟏

𝑵𝑺𝒑𝑺𝒐
 

𝟐

 

AccuracyMeasures 

PredictionAccuracy 𝑨𝑷 =
  𝑷𝒊 − 𝑶 𝟐𝑵
𝒊=𝟏

  𝑶𝒊 − 𝑶 𝟐𝑵
𝒊=𝟏

 

AccuracyMeasures 

Index of Accuracy 

 

𝑰𝑨 = 𝟏 −
  𝑷𝒊 − 𝑶𝒊 𝟐𝑵
𝒊=𝟏

  |𝑷𝒊 − 𝑶| − | 𝑶𝒊 − 𝑶 | 𝟐𝑵
𝒊=𝟏

 

https://www.paratodomexico.com/
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Notation: N = Number of Observations, Pi = Predictive Values, Oi = Observed Values, P = Average of 

Predicted Values, O = Average of Observed Values, Sp = Standard Deviation of Predicted Values, So = 

Standard Deviation of Values Observed. 

 

Statistical Description of the Data 
Mean = 27.9µgr/𝑚3 

Standard Deviation = 9.33µgr/𝑚3 

Variance = 76.68µgr/𝑚3 

Mode = 10.07µgr/𝑚3 

Median = 12.28µgr/𝑚3 

Máx = 175µgr/𝑚3 

Mín = 0.0714µgr/𝑚3 

Kurtosis = 11.11µgr/𝑚3 

Skewness=1.67 (Symmetry +)µgr/𝑚3 

 

 

GamaAdjustment 

Trend 2011-2018 
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GEVAdjustment 

Trend 2011- 2018 

  

  

 
NakagamiAdjustment 

Trend 2011- 2018 
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Table 3.Estimation Parameters and Trend Adjustment Indicators 2011-2018 

PDF Parameters AdjustmentParameters Tests of Goodness Mean and 

Variance 

GEV K   0.0935  

Sigma    6.1004 

Mu 9.8310 

RMSE = 0.4871 

AP = 5.62 

R2 = 0.7500 

ÍA = 0.5703 

Chi Test 

h =0 

p =0.2807 

 

KS Test 

0 

 

 

Me =13.97µgr/𝑚3 

Va =81.01µgr/𝑚3 

Gama Alfa  2.6329 

Beta 5.3019 

 

RMSE = 0.4854 

AP =  5.578 

R2 = 0.7549 

ÍA = 0.5752 

Chi Test 

h =0 

p = 0.8046 

 

KS Test 

0 

 

Me =13.95µgr/𝑚3 

Va =74.01µgr/𝑚3 

Nakagami Mu  0.8063 

 

Omega 271.55 

RMSE = 0.5010 

AP =  5.802 

R2 = 0.7365 

ÍA = 0.5613 

Chi Test 

h =0 

p = 0.3541 

 

KS Test 

0 

 

Me = 14.21 

µgr/𝑚3 

Va = 69.41µgr/𝑚3 

 
The best fit 

GEV data for each year 

Year GEV Adjustment Parameters Tests of Goodness Mean and Variance 

2011 K 0.1091    

Sigma 10.6919    

Mu 16.4203 

RMSE = 0.4062 

AP = 2.94 

R2 = 0.8635 

ÍA = 0.7102 

Chi Test 

h =0 

p =0.9469 

 

KS Test 

5.6015e-05 

 

 

Me =23.87 

µgr/𝑚3 

Va =262.79µgr/𝑚3 

2012 K  0.0706 

Sigma    9.1679 

Mu 15.9337 

 

RMSE = 0.4506 

AP =  3.8342 

R2 = 0.8078 

ÍA = 0.6400 

Chi Test 

h =0 

p = 0.5945 

 

KS Test 

0 

 

Me =21.91 

µgr/𝑚3 

Va =169.62 

µgr/𝑚3 

2013 K  0.0931 

Sigma  9.8987    

RMSE = 0.4822 

AP =  5.4869 

Chi Test 

h =0 

 

Me =22.87 
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Mu 16.1627 R2 = 0.7592 

ÍA = 0.5785 

p = 0.5236 

 

KS Test 

0 

µgr/𝑚3 

Va =212.97 

µgr/𝑚3 

2014 K  0.1667 

Sigma  8.4725 

Mu 12.5087 

RMSE = 0.3785 

AP =  2.4830 

R2 = 0.8854 

ÍA = 0.7496 

Chi Test 

h =0 

p = 0.6118 

 

KS Test 

0.0015 

 

 

Me =19.05 

µgr/𝑚3 

Va =206.695 

µgr/𝑚3 

 

 

 

2015 K  0.0430 

Sigma  5.8258 

Mu 10.8859 

RMSE = 0.4519 

AP =  3.688 

R2 = 0.8036 

ÍA = 0.6405 

Chi Test 

h =0 

p = 0.8066 

 

KS Test 

0 

 

Me =14.50 

µgr/𝑚3 

Va =62.92 

µgr/𝑚3 

2016 K  0.1022 

Sigma  6.1717 

Mu 10.5008 

RMSE = 0.4485 

AP =   3.8594 

R2 = 0.8121 

ÍA = 0.6433 

 

Chi Test 

h =0 

p = 0.1668 

 

KS Test 

0 

 

Me =14.75 

µgr/𝑚3 

Va =85.45 

µgr/𝑚3 

2017 K  0.0966 

Sigma  6.8770 

Mu 10.6697 

RMSE = 0.3933 

AP =    2.5389 

R2 = 0.8716 

ÍA = 0.7316 

Chi Test 

h =0 

p = 0.3565 

 

KS Test 

1.8106e-04 

 

Me =15.36 

µgr/𝑚3 

Va =104.04 

µgr/𝑚3 

2018 K  0.0842 

Sigma  6.4432 

Mu 9.9452 

RMSE = 0.3738 

AP =  2.3642   

R2 = 0.8905 

ÍA = 0.7577 

Chi Test 

h =0 

p = 0.0513 

 

KS Test 

4.0907e-04 

 

Me =14.24 

µgr/𝑚3 

Va =87.59 

µgr/𝑚3 

 
Graphics of eachyear 

2011 

   

QQ plot R2 Probability Plot 
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2012 

   

QQ plot R2 Probability Plot 

 
  

 

2013 

   

QQ plot R2 Probability Plot 
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2014 

   
QQ plot R2 Probability Plot 

   
2015 

   
QQ plot R2 Probability Plot 

 
  

 

2016 
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QQ plot R2 Probability Plot 

 
  

2017 

 
  

QQ plot R2 Probability Plot 

   
 

2018 

   
QQ plot R2 Probability Plot 
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Now let's look at the trend this Coarse Particulate in Mexico City 

 
Figure 6.GEV function of each year 

 

 
Figure 7.GEV function of each year until August 2019 
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Time Series each year of the particle concentration Coarse Fraction 

  

  

  



International Journal of LatestResearch in Engineering and Technology (IJLRET) 

ISSN: 2454-5031  

www.ijlret.com || Volume 05 - Issue 11 || November 2019 || PP. 13-30 

www.ijlret.com                                                         27 | Page 

  
 

 
Figure 8.TemporarySerie PMCO Concentration from January to August 2019 

 

Bayesian Point Change Detection 
The Algorithm used to observe the greatest changes in the time series of PMCO concentrations in 

Mexico City, only from the last year, since they are daily data the number of iterations is too large, so it can only 

be done with The data for each year, here only shows the series of this year 2019 until August, you can see the 

relationship of the change that happens at a certain time of the year and the probability decreases. The change 

points are abrupt variations in the generative parameters of a sequence of data, the Average obtained with which 

it is used for the Adjustment was used. 

The Bayesian Online Changepoint Detection see [12] describes an algorithm to locate those points. The 

algorithm uses Bayesian reasoning, and is online in the sense that it works by reading one data point at a time 

and providing estimates of the probability of a change point at a given time based solely on information up to 

that point in time. . 

The approach is to imagine that the data appears in intervals or executions and that within each 

execution the results are i.i.d. At a point of change, the distribution changes and produces a new sequence of 

i.i.d variables from that distribution. The length of the execution is a random variable, and it is assumed that the 

distributions within an execution come from a single exponential family. For example, the distributions can be 

normal (with a change in mean and variance at the transition points) or poisson (with a change in the rate). 
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The idea behind the algorithm is that, as we read a new data, that data comes from the same distribution 

and the length of the execution increases by one; or that data represents a point of change, in which case the 

execution length is reset to zero. If the execution length increases by one, the new data provides information to 

improve our estimation of the parameters of the current distribution using Bayes' theorem; or, if the execution 

length is reset to zero, we set the distribution back to a pre-selected initial distribution and start updating its 

parameters based on the new data. 

 
Figure 9. AlgorithmSteps 

 

 
Figure 10.Probability of the PMCO Concentration until August 2019 
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With this algorithm we can observe the behavior of the concentrations of this Particulate, we don‘t have 

a measure, threshold or norm to be able to say if it is increasing or decreasing. 

 
Figure 11.Graphic Matrix of the 2011-2018 PMCO Serie 

A scatter plot matrix. 

 

Conclusions 
With this preliminary study, it was proved that the type of probability distribution function that was 

most suitable for the behavior of PMCO daily data Coarse Fraction Particles which were the best fit with the 

GEV pdf and the Gama pdf, this contributes to The statistics of this other pollutant that is in the Particulate 

category and its behavior in several cities of the world must also be monitored and monitored. This case is that 

of Mexico City, which does not have said primary statistical study, according to the GEV pdf we can observe a 

decrease of these particles in what this trend goes. 

Also when applying the Bayesian Point Change Detection algorithm we can observe the greatest 

variations that the trend had so far this year 2019 to be able to give us an idea of the most notable changes and 

corroborate the time series. 
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