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Functions for Reduction of Parabolic Hyperbolic Equations
Zenteno — Julia Functions and some applications
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ESIA-Ticéman Unit Mayor Gustavo A. Madero

Abstract: The following topic is about the case or cases of reduction of partial differential hyperbolic parabolic
equations of linear second order, in the traditional literature there are functions or substitution methods to reduce
certain expressions but in many of these cases it is unknown because use a certain function and under what sign
some variables remain within the transformation function, here there is only a set of expressions that reduce the
equations with a general transformation function, the transformation functions are already known in the
literature of differential equations, Emphasis is made only on why these expressions can be used for use.
Keywords: Parabolic - Hyperbolic Partial Differential Equations and Wronskian

Introduction

Linear Parabolic Differential Equations and some Hyperbolic have enough methods to reduce the
expression to a simpler solution and in the literature we find several methods or functions to reduce, in many of
them the same function intervenes except for the signs of the exponents if necessary for its implementation, then
the subject to be analyzed is a function or set of functions that reduce the Parabolic or Hyperbolic PDE, having
in each case the two functions with the different sign each.

The next proposed transformation is as follows we can see that the solution for these equations of this
type tipo (X, t) = X (X, t) * Y (X, t) so let's propose the following formé (X, t) = Z (X, ) * X (x, ) + I (X, t) * Y
(x, t) we know that one of them is exponentially being X or Y so to find the solution having the part non-
homogeneous and also a way to obtain all the transformation functions used and for this case, where the only
thing that varies is the sign of the coefficients in the exponent.

Transformation Function
Whether it is a function that we want to use to reduce homogeneous Linear Parabolic PDE or not to a simpler
way, we have the following

e(x,y) =Z(x,y) *](x,y) 1)
Where we do not know any of the two functions, so we substitute in the EDP and you have the following
0 1% 4 a2 =0
Wz T g TP =
With the coefficients a = 1 with
p(x) = Z(x)
And it gives us an expression like the one below
Z(x) =Ce™

But a complex solution, which that part does not matter to us at the moment
If we now substitute the following
o(x,y) =Z(x,y)
The solution is similar if one of the variables is set as constant in this case and
Z(x,y) =Ce™
Now if we substitute in the homogeneous linear Parabolic PDE and with a = 1 with the same substitution
p(x,t) =Z(x,t)

do(x,t %0 (x,t do(x,t
9 )=a0 at )+a1 (p;x )+a2<p(x,t)

x2
The solution will be something like, depending on whether we match 1 or -1
Z(x,t) =Ce™
Z(x,t) = Ce™*
Z(x,t) = Cet

Then the reduction function can be obtained as follows
Z(x,t) = Ce~**0)
And the other like
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Z(x,t) = Cet™
According to several expressions of reduction for this type of equations we see that an important factor is the
exponential that accompanies it with a + or sign - so we can think of a function of this style.
Here are some known examples

Table 1
Linear PDE Parabolic Known Transformation Function
dp(x,t)  *e(x,t) o(x,t) = Z(x, t)e™
3% - a2 +@oxt)+A
o(x,t) = Z(x,t)e*
dp(x,t) d*@p(x,t) adp(xt) o(x,t) = Z(x,t)e™Ft
- ae T ax TO®D
@(x,t) = Z(x, t)e™ "
dp(x,t) *@(x,t) dp(x,t) o(x,t) = Z(x,t)e™ Pt + J(x,t)e™
= A
at a2 T ax  TeEDF
Then we can propose the following Function
ex,y)=Z(x,y) xJ(x,y) + Z(x,¥) *J(x,y) (2)

The combination of both linearly added, where one we know is the exponential, the function can be in the
following terms
P(x,y) = Z(x,y) * e P + J(x,y) » e¥*F* @)
Where we don’t know the other function but it will serve to reduce the resulting equation, but we can also write
a game of themselves as
Zenteno — Julia Functions
Table 2 Transformation Functions
o(x,y) = Z(x,y) * e Bt + J(x,y)  e®*+ht

@(x,y) = Z(x,y) » e Pt — J(x,y) » e®* Pt

If we calculate its determinant, it gives us the following
[Z(x,y) * eax—ﬁt](x’y) * eax+ﬁtz(x’y) * eax—ﬁt _](x,y) * eax+[?t]
— —Z(x,y) * eax—ﬁt *](x’y) % eax+ﬁt _](x’y) * e"‘”ﬁtZ(x,y) * eax—Bt
= —Z(x,y) *J(x,y) * €™ — J(x,y) * Z(x,y) * e*™*
= —2Z(x,y) ] (x,y) * e*™
Functions are linearly independent if and only if the determinant of the matrix formed by vectors as columns is

non-zero.
Now let's look at the Reduced Equation by applying this proposal.

Table 3
Parabolic PDE Transformation Function

dp(x,t) dp(x,t) d*@(x,t)
+ = The function remains as:
at ox dx2 :

3
t

1 .3 1
@(x,y) = Z(x,y) * €28 + J(x,y) * €24

The Reduced Equation is:

0Z(x,t) 9*Z(x,t) N aJ(x,t) N %] (x,t)
at  ox? at dx2
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dp(x,t) *@(x,t) dp(xt)
at  ax2  ox The function remains as:

The Reduced Equation is: 00, y) = Z(x,y) * oot + (0 y) * ot

0Z(x,t) 9*Z(x,t) N aJ(x,t) N %] (x,t)
at  ax? ot dx?

dp(x,t) _ p(x 1) _

at  o9x2 ¢(x,t) The function remains as:
The Reduced Equation is: o, y) =Z(x,y) xe* +](x,y) xe™*
0Z(x,t) 9%Z(x,t) N aJ(x, t) N 3?*J(x,t) With + @(x,t)
a ox? at dx?

p(,y) =Z(x,y) xe' +](x,y) x e’

dp(x,t) d*¢(x,t)
e =zt px,t)+A The function remains as:

The Reduced Equation is: o(x,y) =Z(x,y) xe" +](x,y) x e

aZ(x,t)_aZZ(x,t)+ 6](x,t)+62](x,t) . Con —o(x,t)
at  ox? at axz |°¢

+ Aet p,y) =Z(x,y)xe™ +](x,y) xe™"
We can use only Z or J
0Z(x,t) 9%Z(x,t)
= A -t
at axz A€
dp(x,t) d*@(x,t) dp(xt) The function remains as:
= + + @(x,t)
at ax? ax L s L s
P,y) =Z(x,y) »e 77 + ] (x,y) x e 2
The Reduced Equation is: We can use only Z or J

AZ(x,t) 9*Z(x,t) N J(x,t) N *J(x,v)] 3,
— - 2
at ax? at axz |° AZ(x,t) *Z(x,t) | 1.3,
= + Ae
Jt 0x?

4

. 9o (x,t)
With — ‘”6;‘ —o(x,t)
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t

15 —
ox,y) =Z(x,y) * e2* 7t +J(x,y) * 277

do(x,t) _*e(xt) + do(x, 1)

ot X2 e TPt +A The function remains as:
The Reduced Equation is: o(x,y) = Z(x,y) * s +J00y) * o
at dx? at ax?
15
+ Ae?* 7

0Z(x,t) 9°Z(x,t) 1.5,
ot~ oz A

With —%— o, t)—A

P(6,y) = Z(x,y) * €7 +J(x,y) * 7 H
We must realize something by reducing these expressions that Function Z and J are the same, but

because the coefficients of the terms of the Equations in Partial Derivatives such as Advection, Diffusion or

Reaction are equal to 1 and positive, and we can see what sign It is the one that dominates, as in the following

case and we see how the signs change in the exponential.

Now let's apply the same reduction function but for Hyperbolic Partial Differential Equations.

Table 4.
Hyperbolic Equation

Non-homogeneous Hyperbolic Diffusion Equation The function remains as:

’p(x,t) dp(x,t) e(xt
) | MpeE  Tans

1 1
at? at ax? o, t) = Z(x,t)e 2" + J(x,t)e 2"
Equation of Non-Homogeneous Wave Reduction With
without J, the Klein Gordon Equation 20(x,t) dp(xt) 2p(x,t)

2 2
PZ(xt)  0%Z(x,0) i i o

1
e oz T a;Z(x,t) + Aet?

o, t) =Z(x, t)e%t + J(x, t)e%t

Non-homogeneous Hyperbolic Diffusion Equation The function remains as:

?p(x,t) dp(x,t) _ Zp(x,t)

+oxt)=0

1 1
at2 at ax? o(x,t) =Z(x,t)e 2" +J(x,t)e 2"
) o ) With
The Reduction Equation is the Klein Gordon
Equation %p(x,t) 0dp(x,t) 0%p(x,t)

5 5 p(x,t) =0
PZ(xt)  9*Z(xt) ot ot Ox

at? Ix2

+apZ(x,t)

1

o, t) = Z(x,t)e 2" + ] (x, t)e_%t
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Table 5.
Hyperbolic Diffusion Equation The function remains as:
az(p(xl t) + a(p(x, t) _ aztp(x, t) + a(p(x, t) =0 (p(X, t) = Z(x’ t)e%(x_t) +](x‘ t)e%(“t)
ot? at dx? ax
With
?p(x,t) _dp(x,) *p(x,t) N dp(x,t) 0
at? at ax? ax
1 1
The Reduction Equation is the Homogeneous Wave P(x,t) = Z(x,)ez"" + J (x, ) ez
Equation without J
With
0%Z(x,t) 9*Z(x,t)
az  ox? Po(x,t) dp(xt) Fe(xt) dp(xt) _ .
at? at dx? ox
RSN EESE N
o(x,t) =Z(x,t)e 22" + J(x, t)e 2"z
Hyperbolic Equation of Advection Diffusion Non- The function remains as:
homogeneous reaction
p(x,t) dp(x,t) e t) LOext) 0(0,t) = Z(x, )e2® D + J(x, £)e2+)
at? at dx? ax
=—pxt)+4 With
px,t) dp(x,t) 0*p(xt) dp(xt)
a2 ot ek o ektit4
The Reduction Equation is the non-homogeneous 1.1 1.1
Klein Gordon Equation ) p(x,t) =Z(x, t)e?" 2 + J(x,t)ez" "z
Wit
%p(x,t) 0p(x,t) 0%p(x,t) 0¢(x,t)
T T TE ™ e AR
%2Z(x,t) 9%*Z(x,t) et
’ — ! = pt 11 1 1
at? a2 T aLxt)+ae o0, t) = Z(x, t)e 717 + J(x, e 712
Homogeneous Hyperbolic Diffusion Equation The function remains as:
Pp(x,t) dp(x,t) d*p(xt) _ L L
’ - ’ — o, t)=Z(x,t)e 2 + J(x,t)e 2
az " ae a2 Tewn=0
With
The R_eduction Equation is the Klein Gordon 2p(x,t) dp(xt) 0%p(xt)
Equation 2 ot oz Pe)=0
PZ(x,t)  9*Z(x1t) \azics x
-~ ax2 Tullxh
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o, t) =Z(x, t)e%t + J(x, t)e%f

Transformation Functions

Table 6.
Parabolic PDE Hyperbolic PDE
x+ t 13 L -1t
@(x,y) =Z(x,y)ezs" + J(x, y)ez = p(x,t) =Z(x,t)e 2 +](x,t)e 2
1 3 1 1
0(x,y) = Z(x, y)er" & + J(x,y)er" + @6, t) = Z(x, t)e2" + ] (x, t)er"

1 1
o(x,y)=Z(x,y)e " +](x,y)e* ot ) =2(x, t)ef(x_t) & t)e?mt)
P(x,y) = Z(x,y)e' +](x,y)e" 90 t) = Z(x, ez + ) (x, )ez* ™)

1 1 1
o(x,t) = Z(x, t)e_fer Y4 J(x, e 7

1 3 1 1
o(x,y) =Z(x,y)e” 2“ L+ J(x,y)e p(x,t) = Z(x, t)efl("_f) +J(x, t)ef(“t)
1 7
o(x,y) =Z(x, y)e2 it +J(x,y)ez" 3 p(x,t) = Z(x, t)ez" 2" + J(x,t)e2* 12"

11 L
p(x,t) = Z(x,t)e 22" + J(x,t)e 217"

o(x,t) = Z(x, t)e_;t +J(x, t)e_%t
p(x,t) = Z(x,t)ez" + J(x,t)e?"

Let's take a look at the properties of these functions with a well-known theorem within the ODE. The
Wronskian, which we see if the solutions functions are dependent or linearly independent.

The Wronskians are functions so named in honor of the Polish physicist, philosopher and
mathematician Josef Hoene-Wronski (1778-1853). Fundamental in the study of differential equation systems.
These systems arise in problems that are mainly related to the dependent variables which are a function of the
independent variable itself. They are useful to determine if two functions are linearly independent and thus
create a solution set that at the same time respects the theory of differential equations, these reduction functions
with constant coefficient equal to 1 except with changes in the sign are solutions of The same equation will then
see how dependent or independent they are:

Table 7.
Reduction Function Wronskiano.
With t cte
(0 L s [Z(x t)ezx+ I(x, t)ezx"tZ(x t), ez A + - Z(x t)ezer (x,t),e2 3 + ](x t)ez Zt]
= Z(x,t)ez*"s 40

13,
+J(x, t)ez* 4

. 3 3 13
Regarding tand now x [Z(x t)ezx+ J(x, t)ez X ‘Z(x, L‘)tezx+ - Z(x t)€2X+ J(x, t)tez it —Z](x, t)e?‘_zt]

is cte.
% 0
o(x,t) With t cte
=Z(x,t)et [Z(x,t)e (x,t)e " — Z(x,t)e " + Z(x, t),e " —J(x,t)e " +J(x, ), f] =0
+J(x, t)et

What time dependence indicates
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Regarding t and now x [Z(x,t)e ] (x,t)e " Z(x, t), e J(x, t),e ] #0

is cte.

With these tests of some of them we can verify that depending on the sign found in the exponents of
the Exponential we see how dependent the solutions are with respect to space or time.

Now the functions are given as follows

o(x,y) = Z(x,y) » e Pt + J(x,y) » e®*tFt

ox,y) =Z(x,y) e
If we add them, it gives us the following

ax—ft __

J(x,y) xe

ax+ft

2¢0(x,y) = 2Z(x,y) » e Pt

ox,y)=Z(x,y) xe

Or changing the sign

ax—pt

ox,y)=2Z(x,y) * e*x—Bt +J(x,y) * e®x+Bt
ox,y)=—-Z(x,y) * e®x—Bt +J(x,y) e®x+pt

If we add them, it gives us the following

20(x,y) =2](x,y) e
o(x,y)=]Jx,y) e

ax+pt
ax+pt

We obtain the Known Transformation Functions, depending on X, t or both functions if it is unknown.

Applications

Table 8.

Applied Equation

Advection equation Diffusion Non-homogeneous
reaction

dp(x,t) _e(xt) dp(xt)

at axZ ax _exb+4a

Reduced Equation

Non-Homogeneous Diffusion Equation

0Z(x,t) 9*Z(x,t)

ot axz + [_]t + ]xx]ezﬁt + Ae—ax+[§t

d¢ d¢ 09
E+ ua—ﬂﬁ-l— op = q(t)d(x — xy)

e(x,0)=¢, 0<x<l

de(lt)
— =C1
; a(g | uplLlt)=C t>0
¢(0,1 _
I up(0,t)=C2 o0>0

Case where for Reduction can be used

o(x,t) = w(x, t)e™ St + e™H(x,t)

Case where for reduction can be used

Pp(x,t) = Z(x,t) x e Pt + J(x, t) x e™
Acrticle of the implementation of the solution
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solucion analitica_para_la_ecuacion_de difusion advec
cion_reaccion_por_medio _de la serie _de Fourier
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w_ D I w + eStF(x, t)
at  Taxz TN
_ ., OH 9%°H
withF(x,t) = ye 3t + DW
Equation of the Linear Model Black - Scholes Case where for reduction can be used
do(s,t) 1 , ,0%¢(s,t) Ap(s,t)
ot T20°5 o TTST s T (s,) = Z(5,) * e + [(s,y) x e+t
=0
Reduced Equation Solution of the Black-Scholes Equation to calculate the
price of an option with general payment by means of
9Z(s,t) 1, ,0%Z(s,t) 1,, elementary techniques: Substitution and Fourier
at 2 S 952 —Jt —EG 5% ss Transformation.

http://esdocs.com/doc/20987/soluci%C3%B3n-de-la-
ecuaci%C3%B3n-de-black-scholes-para-calcular-l...

T 1r2 T 1r2
(s, t) = Z(s, t)e_;ZJr(mH)t +J(s, t)e77+<m+r)t

Application for Burgers Nonlinear Equation
dp _0*p  d¢
ot oxz P ox
Applying the product of the two functions  ¢@(x,y) = Z(x,y)](x,y)
Zt] + Z]t = (Zxx] + 2Zx]x + Z]xx) + Z](Zx] + Z]x)
Accommodating terms

Jo= e+ (S 4 1)+ (-S4 )

Z Z Z
Now you have the following Differential Equations
20Z t 7/ =0 207
_— — - —_— ———
Z 0x J J Z2 0x
Zoe Zy V=0 _o 207
(F-Z+2)i=0 ~1=0 conzg=
Finally you have
_ Z( 2 BZ) 2 0z
oY) = Z20x)  Zox

Which is the Transformation Function through the Hopf — Cole Transformation, where Z is a solution of the
Equation J, = J,, reduced, see [12]

Conclusions
According to what was seen above with respect to the reduction functions, only one way was given to
generalize said function and to be able to use it according to the relevant Partial Differential Equation, these
resulting functions are already known as in some references and articles mentioned , and we make the
observation of how to use it according to the signs of the coefficients in each Equation, we can also observe the
part of the function J and how it also takes a role in the reduction function.
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Discussion
Let's do the following Observation
We derive the transformation function with respect to x and t the part Z

dp(x,t) _ ar-st 4 20D s
agogfft) S _ ’ 626(356 t) -
5 = —SZ(x e st t— e 5t
Substituting part Z e t) 0Z(x 1)
( t) +a—x’ ax—st
8<p((;;, t) soGot) + aZ(x t) pax—st

Adding both
3 aZ(X, t) aZ(x’ t) ax —st
= (@- g0 +|[ 22+ 2 e

do(x,t) + do(x, 1)
0x Jat
So having the part of J

dp(x,t) N 64)((;; t) — (a+ oD + [a]g; t) ajgct t) paxtst

dx
Finally we get the following, the function responds to the solution accordlng to the corresponding Equation

dp(x,t) de(x, t) o 6) + aZ(x t) N dZ(x,t) pa—st 4 [Bj(x t) dJ(x,t) parbst
d0x Jt 0x Jat 2 Jat
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