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Introduction
The following study is a continuation of the application of the ZJ Transform [16,17] but now to Integral
Equations, which we are going to address with examples linked to solving these following cases, first we will
remember the Convolution Theorem and hence the properties of the first derivative differential equations.

ZJ Transform ZJ Inverse Transform
n Z, n 0 1
Z][BZ] = P fe Bf(t)dt ZJ[BZ] 71 ZB erBtf(E> dpz
Q —0

Now from the Convolution Theorem we have the following
Convolution Theorem we define the Convolution of two definite functions of [0, o) in the same
way as we have done for the Laplace transform.

Convolution Theorem
Let f1 and f2 have a new Integral transformation F1 and F2, then the new integral transform of
the Convolution of f1 and f2 is:
ZJ[f1 * £2] = f f fL(t)f2(t — T) dt

0

oo

Z][f1 * £2] f fl(‘t)drf e B f2(t—‘c) dt
0

oo (o]

p" 2
Z][f1 * 2] = e B fl(r)d‘c e B f2(t)dt
b

F1 (E)B an (E)

Z

ZJ[f1 = £2] =

The Convolution fxg is defined as:
flxf2 = f fL(Of2(t — 1)dt =
By completing the previous examples on Convolutlon in [17] we have this

y( = f fWe(t - wdu
0
t
iff = e'andg = e?'soy(t) = J- ele?tWdy = 2t — ¢t
0
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Bn+1 Bn+1 Bn+122 _ ZBn+2 Bn+122 + ZZBH+2 ZBn+2 Bn+2

T 2z-2B) 2z-PB) 22(z — 28)(z — B) 22(z—2R)z—B) 2(z—2B)(z—P)

By the transform we have:

n+1 Bn+1 BZn+2
t 2'[ * =
Z)[e1Z][e™] [ (z—2B) z(z— B)] [ZZ(Z " 2p)(z—P)

B2n+2 Bn+
y(B_“) (zZ(z —2B)(z - B)) "2z -2z —B)

Other Example is:
t

1
f=e2yg=1 soy(t) = f e 2"y (t—1)dr = 5(1 —e %)

1 1
and with=ZJ[1] — =Z][e7?'] =
2 2
Bn+2

Bn+1 Bn+1 1 3 ZZBn+l + ZZBn+2 _ ZZBn+1 1 ZZBn+2 1
<z_2_z(z+zs)> (E)‘( 23(z + 2P) )(E) 3(z+23)( ) 22(z + 2P)
Bn+1 Bn+1 BZn+2 ( 7 ) 3 Bn+2

andz)le 2] = e s 7 T Ba a2 ) T 2@ 2D

Applications to Integral Equations
Let's go with some application examples, applying the ZJ Transform to the following Integral

Equations we have:

Example 1
t
u®) =t+ J (t—1u(r)dtconsol. y = senh(t)

0
R Bn+2 VA Bn+2 R R Bn+2 BZ
¢ = 73 +<§>( 3)(9 (p:—+Z2(p

BZABn+2 B 3
o5 o

N Bn+222 Bn+2 1
¢= (z% — 821)23 - z(z2 — BZ)l - f(E)
®= 2B+ (22 _ 61_2) - 2Bn+2 (ﬁ#}

N .
e ) ez DDA
L 1

T @ -1) (2R -1)

— now the inverses enh (t)
Example 2

y©=1- [ ©-oyde
Bn+1 Bn anz oz BZ
o~ oo --[5

72 z/)| z3 z?
BZ Bn+1 BZ Bn+1

+ - |1+=(®=

¢ [ZZ = z? 2?7 22
Bn+1
2 4 Q2 +1 +1
ztP o= i ->p= 2 = Lnow the inverse
72 72 2242 72 + BZ
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1 . g2 ;

Bn+1 ﬁn+1 _ _ N

72 +Bl_2 TR B(22B2 + 1) BR(z2E + 1) (zB™)
ﬁZ

zp

@R+ D - with solution like cos(t)

Example 3

u(t) =3t—9 J-t(t —1Dy(t)dt
Bn+2

0
o o) - o

73

982 Bn+2 VA +9BZ 3Bn+2 3Bn+2
e

5 =2
z3 72 ? =02
2

73

3Bn+222 3Bn+2 z

1

T z3(z2 4+ 9B2)  z(z2 +9B2) - f(E)
3 3
= T (1)
22 9) (B9 | 2P 2(22B2 +9) 2B (22B2 +9)
Z(Z +BZ) z( BZ) pr+2(z*p ) B (z*P )

3
MG
with solution like ~ sen(3t)

ES))

Example 4

u(t) =1-— 4Jt(t —1Dy(t)dt
Bn+l

o-Zt-a(3) (B - iie

72

2 n+1 2 n+1
[1+£(p B+—>[Z +4B]A—B+

72 72 @

ZZ
Bn+1

R = Bn+1ZZ

B 3 Bn+1 1
ZZ+;*BZ T22(Z2 +4BY)  ZZ+4R7 f(ﬁ)
’ 1 1
n 4 n ZZ 2
o+l (Zz + [3_2) o+l (%)
- ! - p° - B zB™)
gn+t (@) Brtl(z2B2 +4) P (z?B% +4)
BZ
Z

- m — with solution like~ cos(2t)

Example 5

1 X
ux) = 6x—x3 + 2] tu(t)dt

Bn+1 VA Bn+2 Bn+1 1 BZ 1 BZ Bn+1
— 3 —— 16 %) R O———0 =
= (6x X)< +2<B“> 5 )P eT b22 +222(P—>(P 222 % b

ZZ
Bn+1 Bn+1
1—a— b B z2 bp"™ —>f<1)
" [ TR e
o= L Bm B bp? b

ZZ _ Ba_z ZZBZ—a - Bn+1(ZZBZ _ a) = Bn(ZZBZ _ a) (ZBn)
BZ
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R bz bs d this is h h(X)
= - —
0] @ = T=a and this is how cos 7z
Now how
& &
X X X
(6x — x3) [cosh (ﬁ)] = (6x—x3)|1 ‘/27! ‘/Z! + o
X 2 X 4
=6x—x° + (6x—x3)%+ (6x—x3)@+
6x> x° . .
=6x—x>+ 252l 2% 20 + -+- so the power terms are small
6
= 6x + (Z - 1) x3 — x5 + .-+ = 6xis the solution in closed form
For Fredholm Type Equations
Example 1
9 1 2.2
u(x) =1o% +f 5% t“u(t)dt
9 1 ! )
u(x) _EX +2X J t“u(t)dt
R 9 Bn+1 1 283 R 9 Bn+1 83 R
O T\ )P T T 0
BB 9 Bn+1 B3 Bn+1
%2 A L
[1 ?T10" Zz_>1 P bx 72
73 — 383 Bn+1 bx? &:1 bXZBn+1Z
— T |lo=DbxXl— o p = 2 S50 =
(p Zz (P 23—333 (p Z3 _ aB3
23
bx2p"*1z bx?z bx?z bx?zp3
- - - -
z3 —ap3 g+l (23 _ i) gn+1 (&) Brt1(z3p3 —a)
3 3
bXZZBZ N P 5 ZZ 2 .
- W * Zf" — bx m — expanded form
3 2 3 ¥ ]
9 9
—t —t
PR (B (k) |
_3+9 [J“ FT A TR TR
9 ,/1 9x?
zmx (5) ~30 thus kx? = 0.3x%or (k = 1)x? = x?
Example 2

5 1! 5
u(x) = —x+zjxtu(t)dtw1thsol X~ X
0
,\_5 Bn+1 X Bn+2 5 Bn+1 X 82 R X 82 ,\_5 Bn+1
P=5 2 +z(gn)( ) a( )*z(z—z)“’*[l‘z(z—z)]“’—gx( )
N Bn+1 ZZ _ aBZ R Bn+1
- ( )]@ () [ e (%)

“+ an+1 2 an+1

N 1
= [z —aB ] 22(z2 —a?)  z% —ap? ” f<8)

-6)
'6)

bz
(zB* —a)

g Bm B bp? _( b
TS TR @F - @ -a

” j) o8 =
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- = %X Lzs_a] = gxcosh(\/a)t(\/a) = cte

For Integro-Differential Equations
Example 1

fy(r) cos(t—Tt)dr= y(®)y(0) =1

0

Z Bn+1 Z

(I m] [Y(XO) g

zf3 A_ pn
e

= Bnﬁﬂ B

Zr@ BT T T @ Y

P U Gk (@)

B(Zz"'Bz)(p_ il o con
B(z2+B2)

(ZZ + Bl_z) B (ZZBZ +1) -

Bn+1Z4 - Bn+3Z4

o=

@B+ 1)
¢= 3323
t2
= 1+—
+ 2
Example 2

t

jy'(‘t)y (t—1)dt = 24y3y(0) =0

G0l o)<

14 n+4
ZZ . 144Bn+4— . zBS 14462n+5
(p = e (p = 5 =
Bn+1 75 Z
Bn+1

1 1

77

BZn+5

P° = 144

1 N 144 144 16 3/
g B == [ T

Note: Here it is multiplied twice by zp".

P2 = 144

Example 3

f y @y t—-9dt=y{®) -y®y0) =y® =0 soly(t) =0

(5 [——y(xO)—— ("0”32“’“ a0+

~[veot+ie]-0
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B3
Bn+4‘p [ ]

<B“+4 - 1])

~y(t) =0

Conclusions
With these examples we have put into practice the use of the ZJ transform which is another way to solve

these integral equations in their varieties that were presented, hoping that this will be supportive and helpful as
another alternative method.
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