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Abstract: The following article is a study and application about the double ZJ transform and its convergence to
solve Differential Equations and Integral Equations too.
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1. Introduction

Now we will see the convergence and validation of the double ZJ transform. It must be said that the
demonstration follows the same way as the double Laplace, Sumudu, Elzaki or Aboodh transform, except for
the way in which the complex number beta was defined.

Integral transforms are important to deal with the solutions of differential equations subject to boundary
conditions. The integral transform is a mathematical operator that produces a new function f(s) by integrating
the product of an existing function F(x) and a so-called kernel function K (x, y) between suitable limits when
doing the integration.

The process, which is called a transformation, is symbolized by the equation £(s) = [ (x, y)F(x)dx. In the
Laplace transform, the kernel is e(—sx) and the limits of integration are zero and plus infinity, in the Fourier
transform, the kernel is e(—ixy) and the limits are minus and plus infinity. When this happens, the above integral
converges and if the limit does not exist, the integral diverges and there is no transform defined for f, the
integral is the ordinary (improper) Riemann integral and the parameter s belongs to some domain on the real
line or the complex plane.

We consider functions on the set A, defined by
I¢]
A={f(t)|aM, 71, and /or 72 > 0, such that | f(t)| <Me*/ , if t€ (—1)j x [0, o0)}

For a given function on the set A, the constant M must be finite, while 71 and 72 need not exist
simultaneously, and each can be infinite.

Instead of being used as a power of the exponential as in the case of the Laplace transform, in the
Sumudu transform the variable u is used to factor the variable at t into the argument of the function f, just as in
other transforms.

Let us look at the examples for the case of f (¢) in A, the Sumudu transform is defined by

|( ff(ut)e‘tdt 0<u< 12 \|
SIF@1 =1 8 }
! fut)etdt —11<u< 0|
J )

In the Elzaki transform is defined for the exponential order function, it is considered a function on the set
S, as in A defined as

1t
S={f(t): IM, k1 k2>0,| f(t)|<Meki,ifte(—1)jx[0,00) }
The Elzaki transform denoted by the operator E is defined as
EIF@] =T@) = v [ f@edt >0

0
The variable v in this transformation is used to factor the variable t into the argument of the function f.
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Now the ZJ transform is defined for the exponential order function and on a set S as g€ (k1, k2)

-zt
Mext t<0
If Ol <{ 2t }
Mekz t >0

lzt|

B ={f(t): IM, k1 ,k2>0,| f(t)|<Mek_J',if te(—1)jx[0,00) }
VA Bn —zt
OBy, (ﬁ) FOF dt ,t>0

0
Bn -zt
=—_{f®,e B)
Now the variable B?n in this transformation is used to factor the variable t into the argument of the

function f, with z and n as integer constants. The purpose of this paper is to show the applicability of this new
transformation and its efficiency in applying some convergence theorems.
. . . B 1 z z1 z1 z1 z2 z2 z1
With the foll ==t -==Z fort = A=A 2 - 2 _Z jhusBl =
ith the following notations ass . and 3= 3 now for it y il thusp p
andB2 = q ands = q, po = B,or,qo = B,0

2. Theorem of Convergence of the Double ZJ Integral
In this section, we prove the theorem of convergence of the double ZJ integral, which follows the same
treatment as in the proof of the double integral of Elzaki and Sumudu

Teorem 2.1: Let ¢(x,y) be a function of two continuous variables in the positive quadrant of the xy plane. If the
integral converges to p=po and g= go then the integral converges to 3;<po, ,< go and
‘8171 ‘8271 z1x z2y

—_ TB1 Bz
1 72 j e(x,y)e dxdy
0

With the following Lemma 2.2 if the Integral
p2" _z2y
EJ d(x,y)e F2dy

0
converges at g= qo then the integral converges for 8,< gqo, now the proof is as follows with
y

n z2u

0 _z2u
alx,y) = o b(x,w)e a0 du
z2
0
With a(x,0)=0 if y=0 and the limit of a when y tends to infinity exists, because

gor 2y
Zjd)(x,y)e Fzdy
0 _z2y

Converges in 8,= go, Now doing the foIIowing a—“ ¢(x u)e 40 in the interval 0 < e < R Let R be

infinite, clearing ¢ (x,u) = 5 ( 22 ) e qo Now substituting in the previous integral

as % fER o (x, y)e_ﬁdy and integrating by parts we have

p2r (qo - ﬁZ)f ~(9E2)5y
= — ) Bz2qo d
o | (e ) | aeyre y
0

Now we need to see the limit of this, so now, using the “limit test” for convergence (Widder, 2005). For
this we have

p2" (qo B2

qo™ \ B2qo

qo-p2 qo-pB2
(5240 Jezy = lim y2e (/32@ Jz2y 11m a(x, y) =0=x hm alx,y) =

y—0

) llm y?a(x,y)e

0, is finite and thus the Integral converges?f cl)(x ye 52 dyinf,< qo
_z2y

Now a Lemma 2.3 if the previous Integral as h(x, ,) = f d(x,y)e Bzdy converge forp,<
goand now the integral
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p1" _zix
= Hf h(x,B,)e Bidx
0
Converge inf1=poand this integral converge for1<po. the demostration is the same that lemna 2.2.

Thisthe integral

g1 [ _ox

H[ h(x, B)e Btdx

0

converge for Bl<po so the proof of the Teorem is as follows

h(x,B,) = f e(x, y)e I?Z dy converge forB,< qo for the Lemma 2.2, now for the Lemma 2.3 the

Z1lx

mtegral b1 f h(x, ﬁz)e B1dx converge forB1<po, thus the Integral
p1" g2
71 72

0
Bl<po, B2< go andB1=p, g= £2 with

po qo zlx_z2y
A2 $(x,y)e P a0 dxdy

The demonstration is complete. With two respective Corollaries

z1x 72y

f &(x,y)e £ Bzdxdy converge for

zlx_z2y

Iﬁ ﬁz f d(x,y)e B Bz dxdy diverge forp=po and g= qo so the integral

Corollary 2.4: if the integra

p1" 2"
z1l 2z2

zlx_z2y

f d(x,y)e B B2dxdy d|verges forB1<po, 3,< qo.

zlx_z2y

Corollary 2.5: The region of convergence of the integral ﬁ——f d(x,y)e Bt Bzdxdy. is the positive
quadrant of the xy plane. We now prove the absolute convergence of the

zix_z2y

mtegralﬂi—f d(x,y)e B B2dxdy

zlx_z2y

Teorem 2.6: If the integral — f &(x,y)e F1 B2 dxdy absolutely converges in p=po , g= qo then the
integral converges absolutely for ﬂl<po B2< go.

ﬁl B2"

The proof is

-z1X z2y —z1x 2z2y

e ©|plx,y)l<er d
Forp <po <o and q<qo<oo thus

[ee]
pO q0 z1x_z2y z1x z2Yy

57 | Peyle v e dxdy < o(x, y)l d(x,y)e 7 4 dxdy
By hypothes is the integral on the right converges immediately we have that the integral on the left also
zlx_z2y

|ﬁ1 ﬁz

converges in f1<po, B,< qo. Therefore, the integra f d(x,y)e Br Az dxdy absolutely converges for

B1<po, B,<qo.
3. Now for Uniform Convergence the Double Convergence of the Transformation will be
Demonstrated
Teorem 3.1: If f (X, t) is continuous in [0, «) x [0, ) and
x Yy

o™ qo" _ziu_zzv
pz_lqz_zf f(u,v)e po o dudv

00
is limited in [0, o) x [0, o), then twice the ZJ transform of f converges uniformly to [p, «) x [q, ») if p<po, q <
go. For the demonstration we will use the following lemmas:
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ZZU

Lemma 3.2: Ifg(x, t) = fy f(x,v)e 4o dv is limited in [ 0, o) then the ZJ Transform of f with respect to go
converges uniformly to [qo ) if g < qo.

n _z2y
Demonstration: If0<r <oothen we consider 0 <r <rl en Bif” f(x,y)e B2dy multiplied and equal

n _(9°-B n _(q B
toﬁzi2 [T G y)e (P02 o0 dy BZ frl 260) (5700 )7 %Y 4y Now integrating by parts we have

T (}y
Tl
q0-B _(99=62),,.. o— 2 _(30-82),
:—[g(x rl)e (quo) z2r —g(x, e (ﬁzqo) 2 n (qﬁzqf )sz e (ﬁzqo) Zydy
Therefore, if | (x,y) | <M so
T EZAY. _(29=B2) .
BZ f 1f(x y)e 52dy| —[g(x Tl)e (32q0)21+g(x'r)e (BZqo)z +

(qu BZ) Zf . (ﬁzq’i zydy] Mﬁ (e (quqiz)zzn + e—(qu"qiz)zzr B e—(qu‘qiz)zzm 4 e—(%ffﬁn) _
qo

—0 [ZMe quo ] for g<qo is convergent for some r in 0 <r <r1 by the Cauchy criterion for uniform
convergence, reference

p2" T ] _Z;_yd
—_— 2
— j (x,y)e Fzdy

converges uniformly in [g, «) if q < go. Therefore, the ZJ transform of f with respect to g converges uniformly
to [q, ) if g < qo.

Lemma 3.3:If the integral g(x, q) =

ﬁzn rl
_zzy
— | f(x,y)e F2d
p_ f (x,¥) y
zlu

converges uniformly in [q, ) if q < qo anda(x, q) = —f g(u,q)e” Po du is bounded on [0, o), then
the ZJ Transform of f with respect to q converges uniformly on [p, o) if p< po.

The proof is similar to Lemma 3.2. Proving Theorem 3.1 by Lemma 3.2, the ZJ transform of f with
respect to s converges uniformly on [q, ©) if q < go. Also by Lemma 3.3, the ZJ transform of g with respect to
p converges uniformly on [p, «) if p< po.

Hence, the double ZJ transform of f converges uniformly on [p, o) X [q, «) if p< po, g < qo as seen in
the previous proofs.

We now prove the differentiability of the double ZJ transform as well as in [Idrees MI, Ahmed Z, Awais
M, and Perveen Z (2018).]

Teorem 3.4: if £ (x, t) is continuous in [0, o) X [0, oo) and

o" _zw_z2v
_Po "4 f f(u,v)e po o dudv
71 72

It is bounded in [0, o) X [0, o) then the double ZJ transform of f is infinitely differentiable with respect to p and
qin [p, ) x [g, ») if p <po, g < go , with

H(x,y

am+n 2 2 Z1x Z
f(Bl Bz) _ o™ f(p. q) = (-1 )m+1,31",8 fff(x y)xMy"e 511_%dxdy
B
p1 B2
= (-1 )m+1q pnfff( )mn‘ﬂ_x‘zz_ydd
_ P q
z2z1 X yxTyre B
0

0
For the proof we will use the following lemmas, as in the previous demonstrations.

n _zzv
Lemma 3.5: If g(x, y) = %foy f(x,v)e 9o dv is bounded on [ 0, ) then the ZJ transform of f is infinitely
differentiable with respect to q on [ q, ®) if q < qo with
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anf x,z—z o f(x z2y
5 o 20 = B [ty Fay
o)
B2 N 0
First, we will show that the integrals, where n is Bi independent.

_z2y
In( —) =(- 1)"ﬁ2 ff(x,y)y”e Bzdy withn =0,1,2,3...

"B
all converge uniformly on [q, ) if ¢ < qo and If 0<r<rl, then
B2o_p2™
rl 2" r1 z2 72
2" _z2y < BZnB%O >y
— f fCx, y)y"e F2dy = (x yy'e ‘zzzz/ dy

zZT

n
Remember that 22~ = L thus
B3o qo

—(92=9), —(92=9), d  _(2°=4
Zio g, rri1"e (qqo) ! —g(x,r)r'e (‘MO) —fd—(e (‘”" )yyn)g(x;y)dy

Therefore, if | g(X, ¥) | <M < in [0, ©0) so
Tl

n z o— o— 0— 0—
72 f f(x, y)y”e_%dy <M % rl”e_(q‘woq)r1 + r”e_(qqqoq)r - rlne_(qfwoq)r1 + r”e_(qqqoq)r]

T

Tl
n _zy 2Mq _ _(1o=a
— | feyyre Fdy ()

r

foro<r<rl

Now by the Cauchy criterion for uniform convergence (Trench, 2012) In(x,q) converges unlformly on [9, )

if g < go. Now, using Trench (2012) and the induction proof i in L0 (x D — =(— 1)” f f(x, y)y"e BZ dy
It is noted that the ZJ transform of f is Inflnltely differentiable w1th respect to qin [q, ) if q < qo.

By induction it can be seen that af(’;‘” f fCx, y)ye” 7 dy is valid, now fora f(x D
(—1)"%[0 f(x,y)yke BZ dy with a positive integer Kk it is also, now for #ﬁ‘” =

n o _z2y . . . . .
(—1)k+t %fo f(x,y)y**tle B2 dy Also, you just have to differentiate k+1 times and see that it respects the
previous notation.
_z2y
Lemma 3.6: If the integral @(x,q) = —f y™f(x,y)e B2 dy converges uniformly in [q, «0) if q < qo and A(x,

zZlu
q)= ﬁlo f @(x, q)e Flodx is bounded on [0, ), then the ZJ transform of @ is Inflnltely differentiable with

om (D(x D _

respect to p on [p, ) if p< po, with the——"—= = (— 1)'" £ f O(x,q)y™e 52 dx The proof is similar to

ZZU

Lemma 3.5. Thus the proof of Theorem 3.4 is as follows whereg(u, y)— fy f(u, v)e a0 dv is limited in [0,

0).

By Lemma 3.5, the ZJ transform of f is infinitely differentiable with respect to q on [g, «©) if q < qo. Also by
Lemma 3.6, the ZJ transform of g is infinitely differentiable with respect to p on [p, «) if p< po. Therefore, the
double ZJ transform of f is infinitely differentiable with respect to p and g on [p, «) x [q, «) if q < go, p<po.
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4. The Double ZJ Transform of a Double Integral is Now
Teorem 4.1 IfZ],D[f (x,y)] = f (p,q) y 9(x,¥) = [, [, f (u, v)dudv then the double ZJ Transform is of the

Integral
[f f fa, v)dudv] —/3_1/3_2 o ﬁi‘: ,

21 2

Remember that there are the— Now let's try the Inverse and now doing f ( one has—5——

zBr 287 )\ _ 1
(21B1+1 ZBn+1) = (zlﬁl) (zzﬁz) fand so we get the function.
So we have the following

81 32) 23n+1 23n+1(p =

z1x 72y

Z],(f(x,y)) = 3_1[?_2[ f fCx,y)e A1~ Bz dxdy
00

And its Inverse
c+00 c+oo

afeeyn = S [

21

e?b1x+21b2ydz B dz, B,
.81 2
Cc—00 (C—0o

Below are some examples of the application of the Double ZJ Transform

Volterra Integral Equation
Example 1

x ¥
4y = jff(x—p,y—f)f(p.f)dpdf
This is e

2

[ﬁ””] Bl .82> p

Zz
n+1
21

(7

Taking the inverse we have f (ﬁ) and forz, 81'z, B3 $ = Jz——ﬁ yes J%
1P2 1P1

Which leaves us as

Example 2
0*h  0%h
a_yz i +h(x,y) + j j w(x — p,y — Dh(p, 1)dpdt = f(x,y)
00
g}(l?(c 0()))— k1(x) ah(? y))— g1()
X 0y
ay - et = 92(y)
Let's take the simple case where h=f=0, k1=k2=g1=g2=0 the transformation is as follows
X
0%h  0%h
ay?  ox? ffW(x —p,y —Dh(p,7)dpdr = 0
0

h(x(?O) =0 h(0,y)=0
0h(x,0) 0 oh(0,y) _

dy 2_ Ox

ggz— <§z>;

. ox? ([)’1) 2
Of f (e*P*Y")h(p, Ddpdr = (;—) ( - ) 21" 1p
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B3 Bt
(Zz (z, — .32))(21 (z, — .[))1))

The solution taking the inverse is left to us f (B 1B ) and for z, Bz, 57
1P2

o(1- (8- (22)) s =

And this is how it remains for us 2(e?**) = 0 con h = Obut it has another internal solution which ise?¥**

Zj[e¥*] =

Example 3

y

oh ok ;

a+@ =—-1+4+e*+e¥+e**Y +ffh(r,t)drdt
00
h(x,0) = $w,0) =e* h(0,y)=¢0,v)=eY
‘En+1‘8n+1
Zj[e7+¥] = -

(Zz (z, — .32))(21 (z, — .81))
zy B
ﬂ[] B o) =76 0,1)

ﬂ[]zwww—ﬁwtn

Zle’]= (21 (21 .81))
n+1
ZJ[e”] 2

(Zz(Zz .Bz))

n+1 11+1
A== ‘( )( A )

.3132 o e A
1z22? z; 72 ¢

Z],
0

jh(r t)drdt] =

0\

To facilitate the calculations we can put n = 1, This is like

- )

22

&6 (&) e BN (BNE B (B B? (B2
=z2(z2—ﬂz)+z1(z1—ﬂ1)‘<i> (;) t o) ﬁ1)< ) +zz(222—ﬁ2)<_1>
B2 (B)*
Z1Zy (Zl - ﬂl)(zz - :32)

Reducing and returning to the original variables gives us
B+t pptt

2 2
~ 21 22

D

The solution taking the inverse is left to us f (ﬁ) and for z, 8z, B3
1P2

i 1 +x
APy (P ) B

Conclusions
We can conclude that the demonstration of the Double ZJ Transform follows the same criteria as the
other Double Transforms such as Laplace and Elzaki, in addition to some examples when using the Double
Transform to Volterra Integral Equation and Integro Differential Equations.
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