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Abstract: In this paper some theorems of 𝑔- calculus are proved. This is restricted to the strict pseudo addition 

⊕ and the corresponding generator 𝑔. 𝑔 calculus is developed in a smiliar way as done for the usual calculus. 
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Introduction: 
 The notation of 𝑔- calculus was introduced by E.Pap(3). It is based on the operations of pseudo 

addition and multiplication(1). The range interval [0,1] where t-conorms act to an arbitrary interval [a,b] 

contained in [-∞, ∞] (4) under the name pseudo addition. This enables us to develop a calculus (𝑔 –derivative 

and 𝑔 – Integral) so called 𝑔 – calculus in a similar way as for the usual calculus. 

 In the second section recall some necessary notion and notations for 𝑔 –derivative(4). In section 4 

prove some theorem and examples for 𝑔 – Integral. 

 

Preliminary: 
 Let [a,b] be a closed real interval. The operation ⊕ is a function ⊕ : [a,b] x [a,b] → [a,b] which is 

commutative, non-decreasing associate and has a zero element denote by 0. 

 Pseudo addition ⊕ there exists a monotone function g. 

  𝑔: [a,b] → [0,∞]𝑔(a)  = 0 or 𝑔(b)  = 0  

  x⊕ y = 𝑔-1
 (𝑔(x) +𝑔(y) ) 

Pseudo multiplication ⊗is a function  ⊗ : [a,b] x [a,b] → [a,b] which is commutative non-decreasing 

associative and has a unit element 1. 

  x⊗ y = 𝑔-1
 (𝑔(x) . 𝑔(y) ) 

define the 𝑔 derivative of f at the point x∊ (c,d) as 

 
𝑑⊕𝑓(𝑥)

𝑑𝑥
 : = 𝑔-1 

𝑑

𝑑𝑥
𝑔(𝑓(𝑥))  

here f  is differentiable on (c,d). 

 for any measurable function   f: [c,d] → [a,b]  
⊕

∫
[𝑐, 𝑑]

𝑓𝑑𝑥   :=  𝑔-1 
𝑑
∫
𝑐

𝑔(𝑓)𝑑𝑥)  

 

2. 𝑔 derivative 
 Let the function f  be defined on the interval [c,d] and with values in [a.b] if f  is differentiable on (c,d) 

and has some monotonicity as the function 𝑔 then we define the 𝑔-derivative of f  at the point x∊ (c,d) as  

 
𝑑⊕𝑓(𝑥)

𝑑𝑥
  =   𝑔-1 

𝑑

𝑑𝑥
𝑔(𝑓(𝑥))  

 

Theorem 

 If there exist an  n – 𝑔 derivative of f then we have  

  

  
𝑑(𝑛)⊕𝑓

𝑑𝑥 𝑛   =   𝑔-1 
𝑑𝑛

𝑑𝑥 𝑛 𝑔(𝑓)  

 

Proof 

 By induction, 

  

For n =1, 

    

 
𝑑(0)⊕𝑓

𝑑𝑥
  = f 
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It is obvious. Suppose that the theorem is true to n-1  

 
𝑑𝑛−1⊕𝑓

𝑑𝑥 𝑛−1   =   𝑔-1 
𝑑𝑛−1

𝑑𝑥 𝑛−1 𝑔(𝑓)  

 
𝑑(𝑛)⊕𝑓

𝑑𝑥 𝑛−1   =  
𝑑⊕

𝑑𝑥
 

𝑑𝑛−1⊕𝑓

𝑑𝑥 𝑛−1   

 

 
𝑑⊕

𝑑𝑥
 𝑔−1  

𝑑𝑛−1

𝑑𝑥 𝑛−1 𝑔(𝑓)    =   𝑔-1 
𝑑

𝑑𝑥
𝑔𝑔−1  

𝑑𝑛−1

𝑑𝑥 𝑛−1 𝑔(𝑓)   

 

     =  
-1𝑑(𝑛)

𝑑𝑥 𝑛 𝑔(𝑓) 

 

 

 ∴
𝑑(𝑛)⊕𝑓

𝑑𝑥 𝑛   =   𝑔-1 
𝑑(𝑛)

𝑑𝑥 𝑛 𝑔(𝑓)  

Theorem: 2  

Let  f 1 and f 2 be two functions defined on [c,d] and with values in [a,b] if both functions are 

differentiable then we have  

  

 
𝑑⊕ 𝑓1⊗𝑓2 

𝑑𝑥
  =   𝑔-1 

𝑑⊕𝑓1

𝑑𝑥
⊗ 𝑓2 ⊕ 𝑓1 ⊗

𝑑⊕𝑓2

𝑑𝑥
  

 

Proof:  

 

  L.H.S 

    

 
𝑑⊕ 𝑓1⊗𝑓2 

𝑑𝑥
 =   𝑔-1 

𝑑

𝑑𝑥
 𝑔 𝑓1 ⊗ 𝑓2    

 

   = 𝑔-1 
𝑑

𝑑𝑥
𝑔 𝑔−1 𝑔(𝑓1) 𝑔(𝑓2    

    

   = 𝑔-1
( 𝑔1(𝑓1)𝑓1

1𝑔 𝑓2  + 𝑔(𝑓1)  𝑔1 𝑓2 𝑓2
1) 

     

    R.H.S. 

  

  
𝑑⊕𝑓1

𝑑𝑥
⊗ 𝑓2 ⊕ 𝑓1 ⊗

𝑑⊕𝑓2

𝑑𝑥
  =   𝑔-1  

𝑑⊕𝑓1

𝑑𝑥
⊗ 𝑓2   

 

+ 𝑔  𝑓1 ⊗
𝑑⊕𝑓2

𝑑𝑥
   

 

 

  = 𝑔-1 𝑔  𝑔−1  𝑔  
𝑑𝑔 (𝑓1)

𝑑𝑥
 𝑔(𝑓2)    +   𝑔  𝑔−1  𝑔  

𝑑⊕𝑓2

𝑑𝑥
    

 

  = 𝑔-1 𝑔  𝑔−1  
𝑑⊕𝑓1

𝑑𝑥
 𝑔(𝑓2)   +   𝑔 𝑓2  + 𝑔(𝑓1)𝑔𝑔−1  

𝑑𝑔 ( 𝑓2)

𝑑𝑥
  

 

   = 𝑔-1𝑔1(𝑓1)𝑓1
1𝑔 𝑓2  + 𝑔(𝑓1)  𝑔1 𝑓2 𝑓2

1 

 

   

The following examples the ordinary derivative and the corresponding 𝑔 derivative for  𝑔1(𝑥)  = x
p
,  𝑔1: 

[0,∞] → [0,∞] p > 0  

𝑔2(𝑥)  =𝑒−𝑥/𝑐 , 𝑔2: [- ∞, ∞] → [0,∞] c > 0  



IJLRET 

International Journal of Latest Research in Engineering and Technology (IJLRET) 

ISSN: 2454-5031   

www.ijlret.com || Volume 02 - Issue 10 || October 2016 || PP. 56-59 

www.ijlret.com                                                       58 | Page 

 

for some elementary function 

 Let 𝑔 (𝑥)  =𝑒−𝑥/𝑐 , c > 0 , x∊ℛ 

  
𝑑⊕𝑓

𝑑𝑥
 = f  - CIn (-𝑓1) + CInC 

Where f is strictly decreasing, x∊ [c,d] 

 𝑔 (𝑥)  = x 
p
 , p > 0, x ≥ 0 

  

  

 
𝑑⊕𝑓

𝑑𝑥
 = 𝑝1/𝑝𝑓𝑝−1/𝑝(𝑓1)1/𝑝  

 

Where f is strictly increasing defined for x∊ [c,d] 

 

Example: 

 

i) 𝑓(𝑥) = c,  x∊ℛ, C ∊ℛ 

𝑓1(𝑥) = 0  

𝑓1
1(x)  = 0; c ≥ 0 

 

ii) 𝑓(𝑥) = 𝑥𝑛 ,  x> 0, n∊ℛ 

𝑓1(𝑥) = n x
n-1

 

𝑓1
1(x)  = (𝑛𝑝)1/𝑝𝑥

𝑛𝑝 −1

𝑝 , x> 0, n ≥ 0 

 

iii) 𝑓(𝑥) = sin x,  x∊ℛ 

𝑓1(𝑥) = cos x 

𝑓1
1(x)  = (𝑝𝑠𝑖𝑛𝑝−1𝑥𝑐𝑜𝑠𝑥)1/𝑝 ,x ∊ (2k𝜋, 𝜋/2+2k𝜋) 

𝑓2
1(x)  = sin x+ C In C - C In(–cos x), x ∊𝜋/2+2k𝜋, 

3𝜋

2
 + 2k𝜋, k ∊z  

 

iv) 𝑓(𝑥) = tan x, k∊𝓏 

𝑓1(𝑥) = sec
2
x = 

1

𝑐𝑜𝑠 2𝑥
 

𝑓1
1(x)  = 𝑝

1

𝑝
𝑡𝑎𝑛𝑥

(𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 )
1

𝑝 
, x ∊ (k𝜋, 𝜋/2+k, , k ∊z) 

 

3. 𝑔-Integral 
 Let the function f be defined on the interval [c,d] and with values in [a,b]. if f  is measurable on [c,d] 

⊕

∫
[𝑐, 𝑑]

𝑓(𝑥) 𝑑𝑥   :=  𝑔-1 
𝑑
∫
𝑐

𝑔(𝑓(𝑥))𝑑𝑥)  

Theorem 3.1: 

 Let f1 and  f2 be continuous 𝑔-differentiable on the imterval (c,d) then for each x∊ (c,d)  

 
⊕

∫
[𝑐, 𝑥]

 
𝑑⊕

𝑑𝑥
𝑓1(𝑥)  ⊗ 𝑓2(𝑥) 𝑑𝑥⊕

⊕

∫
[𝑐, 𝑥]

 𝑓1(𝑥)  ⊗
𝑑⊕

𝑑𝑥
𝑓2(𝑥) 𝑑𝑥⊕𝑓1(𝑐)  ⊗ 𝑓2(𝑐) 

  

      = 𝑓1(𝑥)  ⊗ 𝑓2(𝑥)  

Proof 

 

 

⊕

∫
[𝑐, 𝑥]

𝑑⊕

𝑑𝑥
 𝑓1(𝑥)  ⊗ 𝑓2(𝑥) 𝑑𝑥⊕𝑓1(𝑐)  ⊗ 𝑓2(𝑐)  

 

  =

⊕

∫
[𝑐, 𝑥]

𝑑⊕

𝑑𝑥
𝑓1(𝑥)  ⊗ 𝑓2(𝑥)  ⊕ 𝑓1(𝑥)  ⊗

𝑑⊕

𝑑𝑥
𝑓2(𝑥) 𝑑𝑥⊕𝑓1(𝑐)  ⊗ 𝑓2(𝑐)  
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 𝑓1(𝑥)  ⊗ 𝑓2(𝑥) =  

⊕

∫
[𝑐, 𝑥]

 
𝑑⊕

𝑑𝑥
𝑓1(𝑥)  ⊗ 𝑓2(𝑥) 𝑑𝑥⊕

⊕

∫
[𝑐, 𝑥]

 𝑓1(𝑥)  ⊗
𝑑⊕

𝑑𝑥
𝑓2(𝑥) 𝑑𝑥 

 

⊕ 𝑓1(𝑐)  ⊗ 𝑓2(𝑐)  

 

The following examples represents the ordinary integral and the corresponding 𝑔 integral for  𝑔1(𝑥)  = 

x 
p
,  𝑔1 [0,∞] → [0,∞] p > 0 and  

𝑔2(𝑥)  =𝑒−𝑥/𝑐 , 𝑔2: [- ∞, ∞], c > 0  

 

Examples: 

 

i) 𝑓(𝑥) = a,  x∊ℛ, a∊ℛ 

∫ 𝑓(𝑥) 𝑑𝑥   = c  

  F1(x)  =  𝑎𝑝𝑥 +  𝑐 
1

𝑝 ,  x∊ℛ 

  F2(x)  = - CIn  𝑥𝑒
−𝑎

𝑐 𝑥 +  𝑐 ,  x∊ℛ 

ii) 𝑓(𝑥) = 𝑒𝑥 ,  x∊ℛ 

∫ 𝑓(𝑥) 𝑑𝑥   = 𝑒𝑥+ c  

  F1(x)  =  1
𝑝 𝑒𝑝𝑥  +  𝑐 

1
𝑝 
 

 

iii) 𝑓(𝑥) = 1 𝑐𝑜𝑠2𝑥  ;     x≠(2K+1) 𝜋 2 , k ∊𝓏 

∫ 𝑓(𝑥) 𝑑𝑥   = tan x+ c  

P = 2, F1(x) =  
𝑆𝑖𝑛𝑥

3𝑐𝑜𝑠 3𝑛
 +   

2 𝑆𝑖𝑛𝑥

3 𝑐𝑜𝑠𝑥
 +  c 

1
2 

 

P = 1 2 , F1(x) =  𝐼𝑛  
1+ 𝑆𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
  + c 

2
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