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Abstract: In this paper some theorems of g- calculus are proved. This is restricted to the strict pseudo addition
@ and the corresponding generator g. g calculus is developed in a smiliar way as done for the usual calculus.
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Introduction:

The notation of g- calculus was introduced by E.Pap(3). It is based on the operations of pseudo
addition and multiplication(1). The range interval [0,1] where t-conorms act to an arbitrary interval [a,b]
contained in [-o0, o] (4) under the hame pseudo addition. This enables us to develop a calculus (g —derivative
and g — Integral) so called g — calculus in a similar way as for the usual calculus.

In the second section recall some necessary notion and notations for g —derivative(4). In section 4
prove some theorem and examples for g — Integral.

Preliminary:
Let [a,b] be a closed real interval. The operation @ is a function @ : [a,b] x [a,b] — [a,b] which is
commutative, non-decreasing associate and has a zero element denote by 0.
Pseudo addition @ there exists a monotone function g.
g [abl ~ — 7 [0>]g(a) =0org(b) =0
xy =g (@x  +g@y))
Pseudo multiplication ®is a function & : [a,b] x [a,b] — [a,b] which is commutative non-decreasing
associative and has a unit element 1.
x®y=g"(g(x) . g(y))
define the g derivative of f at the point xe (c,d) as
def(x) . _ 1 d
L2LO = g (L g(F(x)))
here f is differentiable on (c,d).
for any measurable function f: [c,d] — [a,b]

) d
J fdx = g"l<fg(f)dx)>
[c,d] c

2. g derivative
Let the function f be defined on the interval [c,d] and with values in [a.b] if f is differentiable on (c,d)
and has some monotonicity as the function g then we define the g-derivative of f at the point xe (c,d) as

IO = gL g(r0)

Theorem
If there exist an n — g derivative of f then we have

d(n)@f _

—L = gH(Zgn)

Proof
By induction,

Forn =1,

a0 —f
dx -
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It is obvious. Suppose that the theorem is true to n-1

dn—l@f

"= g (S Sen)

dmM®r  g® (dnﬂEBf)
dxn=1 T gx \ dxn-!

%(9-1 (d‘i'l—flg(f))) = g*(% 997 (£ g(f)))

1d®
=19
.d(n)@f _ afd®
Udxn 9 (dx" ‘g(f))
Theorem: 2

Let f,and f, be two functions defined on [c,d] and with values in [a,b] if both functions are
differentiable then we have

Thok - (Lo n)e(h 8%k

dx

Proof:
L.H.S
4O (f1®/2) - .1(1
y» = g (0(hi® fz)))
— - d -1
= g*( 9l WU 9())
=g (g" g + 9(f) 9" (FDfF)
R.H.S.
“rone(rets) = o ter))
+ g<(f1 X dj;xfz))
= g'l<g (g‘l (9 () g(fz)))) + g (g‘l (g (de 2)))
= g'l<g (a7 (d%)g(fz))) + g(f) + a(f)gg (L)
=99 9K + 9(f) 9* (FR)fF
The following examples the ordinary derivative and the corresponding g derivative for g, (x) = x®, g1

[0,00] = [0,0] p>0
gZ(x) :e_X/C’ 92- [- 0, OO] - [0700] c>0
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for some elementary function
Let g (x) =e /¢, ¢>0, xeR
d®f _ 1
— = f -CIn(-fH +CiInC
Where f is strictly decreasing, xe [c,d]

gx) =x",p>0,x>0

a® _
d_xf = pl/p fp=1/p (FLYL/p
Where f is strictly increasing defined for xe [c,d]

Example:

) f(x)=c, XeR, C eR
fl(x)=0
ff(x) =0;¢>0

i) f(x) =x", x>0, neR
i =nx

-1
fi(X) =@p)/Px v, x>0,n>0

iii) f(x) =sinx, XeR

f1(x) = cos x

LX) = (psinP~1xcosx)'/? x e (2km, mw/2+2Km)

f4(x) =sinx+CIn C - C In(cos x), x emf2+2km, 2 + 2k, k ez

iv) f(x) =tanx, kez

1 — cpply — 1
f (x)—secx—wszx

tanx

1
fi) =p» X € (K, m/2+K, , k €z)

. 1
(sinxcosx ) /P

3. g-Integral
Let the function f be defined on the interval [c,d] and with values in [a,b]. if f is measurable on [c,d]

® d
J fedx = g'l<f g(f(x))dx)>
C

[c.d]
Theorem 3.1:
Let fyand f, be continuous g-differentiable on the imterval (c,d) then for each xe (c,d)
@ @ @ .6
[ (GA® ®@L®)dx® [ (A @LL®)dEBAE & f(0)
[c, x] [c, x]
Broof =fi(x) Q f2(x)
roo
@ .6
I = (h(@) @ L) dx®fi(c) ® fo(c)
[c,x]

@ a® i@
=] —f(®) @fH(X) @ AE) @ fo(x) dxDfi(c) ® fo(c)

[e,x]
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@ o @ o
@ ®L@= [ (A ®A®)d® [ (AG) @ f(0))dx
[c, x] [c,x]

D(fi(e) ® f2(c))

The following examples represents the ordinary integral and the corresponding g integral for g, (x) =
xP, g1 [0,0] — [0,00] p> 0 and

g2(x) =e™/¢, g1 [0, 0],¢>0
Examples:

i) f(x)=a, XeR, aeR
Jf)dx =c

Fi(xX) = (aPx + c)l/P, XeR

Fo(x) =-ClIn (xe “ex + c), xeR
i) f(x) =e*, XeR
[f(x)dx =e*+c

Fi(x) = (Yper + c)l/”

_1 . T
i) f(x) = /Coszx ; XAH2K+1) /5, k ez
[f(x)dx =tanx+c
1

_ _ [ Sinx 2 Sinx /2
P=2FK) = (3cos3n 3 cosx + ZC)

-1 _ 1+ Sinx
P=1/5 Fi(x) = (In —+ c)
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